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As gold which he cannot spend 

will make no man rich, 

so knowledge which he cannot apply 

will make no man wise.

Samuel Johnson: The Idler No. 84

Contents & Learning Objectives

Winter 2016 ML&SCM 2

■ The Transportation Model

■ The Transshipment Model

■ The Assignment Model

90% of  all coal

67% of  cars

68% of  paper

1% of  tonnage

FedEx, UPS, DHL

The Transportation Model: 

Characteristics

■ A product is transported from a number of sources to a number 
of destinations at the minimum possible cost.

■ Each source is able to supply a fixed number of units of the 
product, and each destination has a fixed demand for the 
product.

■ The linear programming model has constraints for supply at each 
source and demand at each destination.

■ All constraints are equalities in a balanced transportation model 
where supply equals demand.

■ Constraints contain inequalities in unbalanced models where 
supply does not equal demand.
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http://www.marisec.org/shippingfacts/home/
http://www.marisec.org/shippingfacts/home/


Modern Logistics & Supply Chain Management 

LP, IP & MIP - Transportation

Winter 2016

Dr. Wolfgang Garn 2

 

Transport Cost from Grain Elevator to Mill ($/ton) 

Grain Elevator A. Chicago B. St. Louis C. Cincinnati 

1. Kansas City 
2. Omaha 
3. Des Moines 

$ 6 
7 
4 

$ 8 
11 

5 

$ 10 
11 
12 

 

 

Transportation Model Example

Problem Definition and Data 

How many tons of wheat to transport from each grain 
elevator to each mill on a monthly basis in order to 
minimize the total cost of transportation?
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Grain Elevator Supply Mill Demand

1.  Kansas City 150 A.  Chicago 200

2.  Omaha                  175 B.  St. Louis 100

3.  Des Moines       275 C.  Cincinnati 300

Total                 600 tons                    Total          600 tons

Transportation Network
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Minimize Z = $6x1A + 8x1B + 10x1C + 7x2A + 11x2B + 11x2C +     

4x3A + 5x3B + 12x3C

subject to:

x1A + x1B + x1C = 150

x2A + x2B + x2C = 175

x3A + x3B + x3C = 275

x1A + x2A + x3A = 200

x1B + x2B + x3B = 100

x1C + x2C + x3C = 300

xij  0

xij = tons of wheat from each grain elevator i ∈ {1, 2, 3}, 

to each mill j ∈ { A, B, C }

Transportation Model Example

Model Formulation 
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supply constraints 
(from/source )

demand constraints
(to/destination )

non-negativity
(nothing can be returned)

Is this problem balanced?

Yes, because demand is equal to supply.
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Transportation Model Example
Model Formulation 
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𝐷 = (𝑑𝑖𝑗) =
6 8 10
7 11 11
4 5 12

∈ ℝ𝑛×𝑚

𝑋 = (𝑥𝑖𝑗)

𝑓 𝑋 = 

𝑖=1

𝑛

 

𝑗=1

𝑚

𝑑𝑖𝑗𝑥𝑖𝑗

𝑏𝑖
𝑠 =
150
175
275

 

𝑗=1

𝑚

𝑥𝑖𝑗 =𝑏𝑖
𝑠 ∀𝑖 ∈ 1,⋯ , 𝑛

𝑏𝑗
𝑑 =
200
100
300

 

𝑖=1

𝑛

𝑥𝑖𝑗 =𝑏𝑗
𝑑 ∀𝑗 ∈ 1,⋯ ,𝑚

𝑓 𝑋 =  

𝑖=1

3

 

𝑗∈{𝐴,𝐵,𝐶}

𝑑𝑖𝑗𝑥𝑖𝑗

A feasible solution
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• Only constraints needed
– No costs required

• Northwest corner rule
– Start at top left and work your way down

to Chicago St. Louis Cincinnati

from A B C supply

Kansas City 1 150

Omaha 2 175

Des Moines 3 275

demand 200 100 300

150 0 0

50

50

0

100

0

25

275

Transportation methods
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• Transportation Simplex Method
– Initialisation – construct an initial basic feasible (BF) solution

• Northwest corner rule

• Vogel’s approximation method

• Russell’s approximation method

– Optimality test – if 𝑐𝑖𝑗 − 𝑢𝑖 − 𝑣𝑗 ≥ 0 for every (i,j)

• 𝑢𝑖 row difference, 𝑣𝑗 column difference (smallest minus next-to-smallest)

– Iteration
• Determine entering basic variable

• Determine leaving basic variable

• Determine new BF solution

• Find details in…
• Hillier Introduction to Operations Research, chapter 8.2 (p319ff)
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Transportation Network Solution
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Optimal solution

3

2

1 A

C

B

175

275

150

100

200

300

25

100175

125

Kansas City

Omaha

Des Moines

175

Chicago

St. Louis

Cincinnati

The solution value for the optimal solution is $4,525per month. 

A B C

1 25 0 125 150

2 0 0 175 175

3 175 100 0 275

200 100 300

The Transshipment Model

Characteristics
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■ Extension of the transportation model.

■ Intermediate transshipment points are added between the sources and destinations.

■ Items may be transported from:

 Sources through transshipment points to destinations

 One source to another

 One transshipment point to another

 One destination to another

 Directly from sources to destinations

 Some combination of these

S1

S2

D1

T1

T2

Extension of  the transportation model in which 

intermediate transshipment points are added between 

sources and destinations.

Transshipment Model Example

Problem Definition and Data
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1 2 3

Kansas City Omaha Des Moines       

1Nebraska $           16 $                  10 $                  12 

2Coloardo $           15 $                  14 $                  17 
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Transshipment Model 
Network routes
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5

4

3

6

8

7

Kansas City

Omaha

Des Moines

Chicago

St. Louis

Cincinnati

2

1

Nebraska

Colorado

300 tons

300 tons

200 t

100 t

300 t

$6/t

$8/t

$10/t

$7/t

$11/t

$11/t

$4/t

$5/t

$12/t

$16/t

$10/t

$12/t

$15/t

$14/t

$17/t

Farm

Grain Elevator Mill

Minimize Z = $16x13 + 10x14 + 12x15 + 15x23 + 14x24

+ 17x25 + 6x36 + 8x37 + 10x38 + 7x46 + 11x47

+ 11x48 + 4x56 + 5x57 + 12x58

subject to: 

x13 + x14 + x15 = 300

x23  + x24 + x25 = 300

x36 + x46 + x56 = 200

x37 + x47 + x57 = 100

x38 + x48 + x58 = 300

x13 + x23 - x36 - x37 - x38 = 0

x14 + x24 - x46 - x47 - x48 = 0

x15 + x25 - x56 - x57 - x58 = 0

xij  0

Transshipment Model Example

Model Formulation
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Sum of  total costs   =   sum of:  cost and quantity products

Source constraints = available supply

Destination constraints = required demand

Transhipment (no goods are left in these nodes)

Quantities

■ Special form of  linear programming model similar to the 

transportation model.

■ Supply at each source and demand at each destination 

limited to one unit.

■ In a balanced model supply equals demand.

■ In an unbalanced model supply does not equal demand.

The Assignment Model

Characteristics

Winter 2016 ML&SCM 15
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Assignment Model Example

Problem Definition and Data

Problem:  Assign four teams of  officials to four games in 

a way that will minimize total distance traveled by the 

officials. Supply is always one team of  officials, demand is 

for only one team of  officials at each game.

Winter 2016 ML&SCM 16

Minimize Z = 210xAR + 90xAA + 180xAD + 160xAC + 100xBR +70xBA

+ 130xBD + 200xBC + 175xCR + 105xCA +140xCD

+ 170xCC + 80xDR + 65xDA + 105xDD + 120xDC

subject to: 
xAR + xAA + xAD + xAC = 1 xij  0
xBR + xBA + xBD + xBC = 1
xCR + xCA + xCD + xCC = 1
xDR + xDA + xDD + xDC = 1
xAR + xBR + xCR + xDR = 1
xAA + xBA + xCA + xDA = 1
xAD + xBD + xCD + xDD = 1
xAC + xBC + xCC + xDC = 1

Assignment Model Example

Model Formulation

Winter 2016 ML&SCM 17

Supply constraints

Demand constraints

Assignment Model Example

Assignment Network Solution

Figure 6.5Winter 2016 ML&SCM 18
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SDH/SONET european network
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Applications
National grids

• National grids

– Electricity

– Gas

– Water

– “Telecommunication”

New gas supply projects

Water supply

Winter 2016 ML&SCM 20

Application
Nuclear power in the UK

– Provides about 20% of UK’s required energy
– Supplies electrical output

• Dungeness B: 1040 MW
• Hartlepool: 1180 MW
• …

– see EDF Energy

– Demand (mainly in built up areas)
• Greater London: 9.78M
• Greater Manchester: 2.55M
• West Midlands: 2.44M
• ….
• Assumption: electrical demand proportional to population

– Assume “transportation” cost depend on distance

Winter 2016 ML&SCM 21

Application
Nuclear power in the UK

• How should the energy be provided to the built-up 
areas in the most cost efficient way?

Dungeness

Hartlepool

Greater London

Greater Manchester

West Midlands
Heysham

Torness

http://raweb.inria.fr/rapportsactivite/RA2009/realopt/uid28.html
http://raweb.inria.fr/rapportsactivite/RA2009/realopt/uid28.html
http://www.edfenergy.com/energyfuture/edf-energys-approach-why-we-choose-new-nuclear/nuclear-power-locations
http://www.edfenergy.com/energyfuture/edf-energys-approach-why-we-choose-new-nuclear/nuclear-power-locations
http://www.nationalgrid.com/uk
http://www.bized.co.uk/current/mind/2005_6/200306.htm
http://www.bized.co.uk/current/mind/2005_6/200306.htm
http://en.wikipedia.org/wiki/Nuclear_power_in_the_United_Kingdom
http://en.wikipedia.org/wiki/Nuclear_power_in_the_United_Kingdom
http://www.edfenergy.com/about-us/energy-generation/nuclear-generation/nuclear-power-stations/
http://en.wikipedia.org/wiki/List_of_urban_areas_in_the_United_Kingdom
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Other Applications

• Distribution networks

• Supply chains

– Transshipment

• Scheduling

• Project Management
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Assignment
(scheduling/projects)

• Supply = resources (people)

– Available time

• Demand = tasks

– Time required for task

• Person to task

– “Skills”

• Critique: someone not skilled might take longer for task and 
quality might not be the same
– Counter argument: the model attempts to prevent this

Winter 2016 ML&SCM 24

Assignment
(scheduling/projects)

• we maximised

• uncertain data was used

Joe

Kate

Bob

25 days

14days

21 days

Marketing

Data collection

Analysis

Implementation

Ski
lls

M
ark

etin
g

Data
 C

olle
ct

io
n

Analys
is

Im
ple

m
enta

tio
n

su
pply

Joe 20% 90% 80% 20% 25 d

Kate 100% 10% 20% 90% 14 d

Bob 50% 50% 50% 60% 21 d

demand 10 d 15 d 12 d 20 d 57d\60d

Solution

Joe -     15.0   10.0   -     25 d

Kate 10.0   -     -     4.0      14 d

Bob -     -     2.0      16.0   18 d

10 d 15 d 12 d 20 d 57d\57d

Solution value

45.7
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Recap – “the end is near”

• What is a transportation model?
– Demand is fulfilled by suppliers using links such that 

transportation costs are minimised.

• What is a transshipment model?
– A generalisation of the transportation model by allowing 

intermediate “nodes”.

• What is an assignment model?
– A specialisation of the transportation model, where supply 

and demand is one (usually).

• Do you know any applications?
– Supply chain, national grid, distribution networks
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The End

• Any questions?
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Appendix

• References

• Transportation with Excel

• Transshipment with Excel

• Assignment with Excel

• Another example

Winter 2016 ML&SCM 27
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• Introduction to operations research - Hillier, Frederick S., 
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– Chapter: 8 (p304-357)
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General Notes

■ Part of  a class of  LP problems known as network flow models.

■ Special mathematical features that permit very efficient, unique 

solution methods (variations of  traditional simplex procedure).

■ Detailed descriptions of  methods are contained on Taylor’s website 
(http://wps.prenhall.com/bp_taylor_introms_10/128/32822/8402671.cw/content/index.html)

■ Text focuses on model formulation and solution with Excel and 

QM for windows.
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Transportation Model Example

Transportation Network Routes

Figure 6.1   Network of  Transportation Routes for Wheat Shipments
Winter 2016 ML&SCM 30

200

http://aspire.surrey.ac.uk/items/E5275786-55E4-D986-82D5-8A504A400FB8.html?referrer=/lists/99CD7436-A3EA-AC4D-20D3-4B19B9929D5B.html#item-E5275786-55E4-D986-82D5-8A504A400FB8
http://aspire.surrey.ac.uk/items/4F0018E3-268F-1F81-A28A-BA3A72173403.html?referrer=/lists/99CD7436-A3EA-AC4D-20D3-4B19B9929D5B.html#item-4F0018E3-268F-1F81-A28A-BA3A72173403
http://aspire.surrey.ac.uk/items/6588CC83-037E-3720-467E-CC52CB6FD6F2.html?referrer=/lists/99CD7436-A3EA-AC4D-20D3-4B19B9929D5B.html#item-6588CC83-037E-3720-467E-CC52CB6FD6F2
http://aspire.surrey.ac.uk/items/49FAD121-3653-0084-06B9-D0DFF87EA530.html?referrer=/lists/99CD7436-A3EA-AC4D-20D3-4B19B9929D5B.html#item-49FAD121-3653-0084-06B9-D0DFF87EA530
http://aspire.surrey.ac.uk/items/42913AA1-2DFE-F606-0933-07FDF53AAF8F.html?referrer=/lists/99CD7436-A3EA-AC4D-20D3-4B19B9929D5B.html#item-42913AA1-2DFE-F606-0933-07FDF53AAF8F
http://wps.prenhall.com/bp_taylor_introms_10/128/32822/8402671.cw/content/index.html
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Transportation Model Example

Computer Solution with Excel (1 of  4)
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Exhibit 6.2

Transportation Model Example

Computer Solution with Excel (2 of  4)
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Transportation Model Example

Computer Solution with Excel (3 of  4)

Exhibit 6.3
Winter 2016 ML&SCM 33
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Figure 6.3      Network of  Transshipment Routes 

Transshipment Model Example

Transshipment Network Routes
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Transshipment Model Example

Computer Solution with Excel (1 of  3)

Exhibit 6.10
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Transshipment Model Example

Computer Solution with Excel (2 of  3)

Exhibit 6.11
Winter 2016 ML&SCM 36
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Transshipment Model Example

Network Solution for Wheat Shipping (3 of  3)

Figure 6.4
Winter 2016 ML&SCM 37

Assignment Model Example

Computer Solution with Excel (1 of  3)

Exhibit 6.12
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Assignment Model Example

Computer Solution with Excel (2 of  3)

Exhibit 6.13Winter 2016 ML&SCM 39
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Assignment Model Example

Computer Solution with Excel (3 of  3)

Exhibit 6.14Winter 2016 ML&SCM 40

Example Problem Solution

Computer Solution with Excel
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Determine the linear programming model formulation 

and solve using Excel:

 

 Construction site  
Plant A B C Supply (tons) 

1 
2 
3 

$ 8 
15 
3 

$ 5 
10 
9 

$ 6 
12 
10 

120 
80 
80 

Demand (tons) 150 70 100  
 

 

Example Problem Solution

Transportation Problem Statement

Winter 2016 ML&SCM 42



Modern Logistics & Supply Chain Management 

LP, IP & MIP - Transportation

Winter 2016

Dr. Wolfgang Garn 15

Minimize Z = $8x1A + 5x1B + 6x1C + 15x2A + 10x2B + 12x2C

+3x3A + 9x3B + 10x3C

subject to:

x1A + x1B + x1C = 120     

x2A + x2B + x2C = 80

x3A + x3B + x3C = 80

x1A + x2A + x3A  150 

x1B + x2B +  x3B  70

x1C + x2C + x3C  100           

xij  0

Example Problem Solution

Model Formulation
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